Abstract. We study a nonlocal AB-KdV system obtained directly from the KdV equation to describe two-area physical event. The exact solutions of the AB-KdV system, including P s T d invariant and P s T d symmetric breaking solutions are shown by different methods. These solutions, such as single soliton solutions, infinitely many singular soliton solutions, cnoidal wave solutions, and symmetry reduction solutions etc., show the AB-KdV system possesses rich structures. Also, a special Bäcklund transformation related to residual symmetry is presented via the localization of the residual symmetry to find interactive solutions between the solitons and other types of the AB-KdV system.
Introduction
2013, Mark J. Ablowitz [1] introduced a nonlinear Schrödinger equation iq t (x, t) = q xx (x, t) ± 2q(x, t)q * (−x, t)q(x, t),
where * denotes complex conjugation and q(x, t) is a complex valued function of the real variables x and t. Some of the important properties of the nonlocal NLS equation eq. (1) were contrasted with the classical NLS equation where the nonlocal nonlinear term q * (−x, t) is replaced by q * (x, t). They pointed out that both eq. (1) and the classical NLS share the symmetry that when x → −x, t → −t and a complex conjugate is taken, then the equation remains invariant. Thus, the new nonlocal equation is P T symmetric.
Note that eq. (1) is invariant neither under parity P , whose effect is to make spatial reflections, p → −p and x → −x, nor under time reversal T , which replaces p → −p, x → −x, and i → −i. And there are other types of nonlocal nonlinear systems, such as the coupled nonlocal NLS systems [2] , the nonlocal modified KdV systems [3] - [4] , the discrete nonlocal NLS system [5] , and the nonlocal Davey-Stewartson system [6] - [8] , etc. P T symmetry is important in not only particle physics and quantum physics [9] , but also many other research fields in physics, such as optics [10] , quantum field theory [11] , electric circuits [12] . Recently, P T -symmetric nonlocal NLS equation (1) is used to describe the extension of properties of traditional macroscopic magnetic systems [13] .
In fact, there are other possible crucial properties in particle physics, such as charge conjugation (C), shifted-parity (P s , parity with a shift, or x → −x + x 0 , where x 0 is an arbitrary constant), delayed time reversal (T d , time reversal with a delay, or t → −t+ t 0 , where t 0 is an arbitrary constant) and their possible combinations such as P T , P C, P s C, P s T d which can be successively used to describe two-place physical problems. These systems are named Alice-Bob (AB) systems [14] introduced by the AB-BA principle and P s − T d − C principle. The nonlocal NLS equation (1) can be considered as a special type of the AB systems.
In [14] , some special types of AB systems such as the KdV-KP-Toda type, mKdVsG type, NLS type and discrete H 1 type are established from the well-known integrable systems. Contrasted to the nonlocal NLS equation (1) solved by inverse scatting method, some special P s − T d − C group invariant multi-soliton solutions of the AB systems are obtained by using the P s − T d − C principle. Furthermore, in [15] Lou established a general AB-KdV equation and obtained many types of P s T d invariant solutions of the general AB-KdV equation, such as the Painlevé II reduction and soliton-cnoidal periodic wave interaction solutions.
Except for the P s T d invariant solutions, there exist other types of multiple soliton solutions of P s T d symmetry breaking for different AB models. A special P s T d symmetry breaking solution for AB-KdV equation is listed in [15] .
Hence, two quite relevant questions arise: are there any more possible P s T d symmetry breaking solutions for the AB systems? How can we find the solutions? The main purpose of our manuscript is to resolve the issues.
In this manuscript, we construct a special AB-KdV system with the P s T d principle and find the exact solutions, including P s T d invariant and P s T d symmetric breaking solutions of the AB-KdV system. The P s T d invariant solutions are obtained by using the P s − T d − C principle, while the P s T d symmetric breaking solutions are solved by the help of a coupled KdV system. We also find the Bäcklund transformation related to residual symmetry via the localization of the residual symmetry which can be used to find interactive solutions between the solitons and other types of the AB-KdV system.
An AB-KdV Equation
In this manuscript, we mainly discuss the following AB-KdV equation
The AB-KdV equation is established as follows [15] . Substituting u = 1 2
(A + B) into the common KdV equation
we have
which can be split into two equations
with G(A, B) may be an arbitrary function of A and B. As B is related to A by B =P sTd A = A(−x + x 0 , −t + t 0 ), we can seeP sTd acted on the equation (6) lead to the compatibility condition
which means the arbitrary function G(A, B) should be P s T d invariant. There are numerous functions satisfying P s T d invariant. But for simplicity, we take G(A, B) is zero and the equations (5)- (6) are reduced to one equation (2).
Group invariant solutions of the AB-KdV equation
The AB-KdV system (2) is directly derived from the common KdV equation (3), so all the P s T d invariant solutions of the KdV equation (3) are also solutions of the ABKdV system (2). Various exact solutions of the KdV equation (3) have been studied in literature. Thus we can use those known solutions to select out the P s T d invariant solutions for the AB-KdV system (2). Here we list three special significant examples.
P s T d -invariant multi-soliton solutions of the AB-KdV equation
For the KdV equation (3), it is well known multiple soliton solutions possesses the form [16] 
where the summation of ν should be done for all permutations of ν i = 0, 1, i = 1, 2, · · · , N and
3.3. P s T d -invariant soliton-cnoidal wave interaction solutions of the AB-KdV equation
The KdV equation (3) has a soliton-cnoidal periodic wave interaction solution [17] 
with arbitrary constants c 1 , c 2 and m. So the P s T d invariant soliton-cnoidal periodic wave interaction solution of the ABKdV system (2) is
w 1xxx w 1x − 1 24
with arbitrary constants c 1 , c 2 and m.
P s T d Symmetry Breaking Solutions of the AB-KdV System
In section III, many P s T d -invariant solutions of the AB-KdV system (2), including multiple soliton solutions, P s T d -invariant symmetry reduction solutions and solitoncnoidal wave interaction solutions are found. Then our question is, how to find P s T d symmetry breaking solutions of the AB-KdV system? It is also interesting but difficult to find P s T d symmetry breaking solutions. In order to obtain the P s T d symmetry breaking soliton solutions of the AB-KdV system (2), we start from a coupled KdV system
with u = u(x, t) and v = v(x, t) being a normal coupled KdV system. Compared the cKdV system (25)- (26) with the AB-KdV system (2), we know if v is replaced by u(−x, −t), the coupled KdV system (25) will be reduced to one equation
which is a special case of the AB-KdV system (2) with x 0 = t 0 = 0. It implies that looking for the exact solutions of the AB-KdV equation (2) is equivalent to find the solutions of the coupled KdV equation (25)- (26). The solutions of the cKdV system (25)-(26) may be changed to those of the AB-KdV (2) by using v = u(−x, −t) due to the P s T d symmetric invariant of the AB-KdV equation (2) . In this section, we will show details on how to obtain the P s T d symmetric breaking solutions of the AB-KdV system (2), including single soliton solutions, singular soliton solutions and cnoidal wave solutions with the help of the coupled KdV system (25)-(26).
single soliton solutions of the AB-KdV equation
To find the single soliton solutions of the cKdV system (25)- (26), by means of the tanh function expansion approach, we assume the single soliton solution of the cKdV system (25)-(26) has the form [18] 
Substituting (28) into the cKdV system (25)- (26) and vanishing all the coefficients of tanh(kx + ct) i for i, then determining the arbitrary constant a 0 , a 1 , b 0 , b 1 and c, the single soliton solution of the the cKdV system (25)-(26) reads as
where a 1 and b 0 are arbitrary constant. Now we consider the AB-KdV equation (2) where B is linked to A with B = P sTd A = A(−x + x 0 , −t + t 0 ). If x 0 = t 0 = 0, B is linked to A with B = A(−x, −t). Letting v = u(−x, −t) in the single soliton solution (29) of the cKdV system (25)-(26), we have
It can be easily found that k 2 − b 0 should be equal to b 0 which means b 0 is fixed as
. So the single soliton solution of AB-KdV equation (2) is
with a 1 being arbitrary constant. The single soliton solution (31) is P s T d symmetric breaking because of the existence of tanh(w) term which makesP sTd A = A, so the single soliton solution (31) of the ABKdV system (2) is P s T d symmetric breaking solution.
infinitely many singular soliton solutions
Furthermore, we try to discuss the infinitely many soliton solutions of the cKdV equation (25)- (26) by substituting
where η ≡ tanh(kx − 4k 3 t) into the cKdV system (25)-(26) to determine the functions U(η, t) and V (η, t). The determined equations of U(η, t) and V (η, t) are
Once the system (33) is solved, we can obtain the exact solutions of the cKdV equation (25)-(26). Here we don't show it in detail. To present the infinitely many soliton solutions of the AB-KdV equation (2), we also require the functions satisfy U(η, t) = −V (η, t), then the coupled system of U(η, t) and V (η, t) (33) is reduced to a linear one equation
which can be solved by means of the variable separation approach. A special solution of (34) is
with a i , c i and c 01 being arbitrary constant. As U(η, t) and V (η, t) are known, using the ansatz v = u(−x, −t) in (32), we obtain the infinitely many soliton solution of the AB-KdV equation (2) 
It is interesting that the solution (36) is not only singularity, but also P s T d symmetric breaking because the existence of c 01 η 1 .
cnoidal wave solutions
Except for the soliton solutions, we can also try to explore the cnoidal wave solutions of the cKdV system (25)-(26) and AB-KdV equation (2) . Like the procedure of searching for soliton solutions, we first consider the cnoidal wave solutions of the cKdV system (25)-(26), then try to find the connections between the cKdV system and AB-KdV equation, and apply the relationship to present the solutions of the AB-KdV equation. Using the elliptic function expansion method, it is natural to assume the cKdV system (25)-(26) possesses the cnoidal wave solution in Jacobi elliptic function form [19] 
where a 0 , a 1 b 0 , b 1 and c are constant to be determined. Substituting (37) into the cKdV system (25)- (26) and vanishing all the coefficients of sn(kx + ct, m) i for different i, the exact solutions of (25)-(26) can be read as
with a 0 and a 1 being arbitrary constant.
To obtain the exact solutions of the AB-KdV equation (2), we can let v = u(−x, −t) in the cKdV system (25)-(26) which makes cKdV system (26) reduce to a sepcial ABKdV equation (2) with B linked with A in the form of B = A(−x, −t). Letting v = u(−x, −t) in (38) leads to
which means a 0 should be determined as
Then the corresponding cnoidal wave solution of AB-KdV equation (2) is
with a 1 , k and m being arbitrary constant. The cnoidal wave solution (41) of the AB-KdV system (2) in Jacobi elliptic form is also anti-P s T d symmetric.
Infinitely many periodic wave solutions
In order to obtain the infinitely many periodic wave solutions of the AB-KdV equation, we try to find the infinitely many periodic solutions of the cKdV equation (25)- (26) first. Substituting
where ω ≡ sn[kx − 2k 3 (m 2 + 1)t, m], F (ω, t) and G(ω, t) are the functions of (ω, t) into the cKdV equation (25)- (26), we can find the determining equations of F (ω, t) and G(ω, t) read as
with
To search for the solutions of F (ω, t) and G(ω, t) of (43) with (44), it is natural to assume the simplest relation of F and G satisfying F (ω, t) = −G(ω, t) + H(ω, t) for any given solutions of H(ω, t). Under the condition of F (ω, t) = −G(ω, t) + H(ω, t), the determining equations (43) become
and especially for the G part, the equation is
which is a linear one for G with z 0 and z 1 satisfying (44). Eqs. (45) and (46) are still difficult to solve, but we know the equation (45) possesses a special solution of H(ω, t) = 0, and then the G part equation is
which can be solved by means of the variable separation approach. A special solution of (47) is
where EllipticF(ω, m) and EllipticE(ω, m) are incomplete elliptic integrals of the first kind and second kind respectively, defined as
, and C 1 , C 2 and C 3 are arbitrary constance. When G is solved, we can obtain F by F = −G, then the infinitely many periodic wave solutions of the cKdV equation (25)-(26) are obtained.
As the exact solutions of the cKdV equation (25)- (26) are obtained, we can rewrite the solutions to satisfy the AB-KdV system by v = u(−x, −t). Here we write down the results.
The AB-KdV system possesses the infinitely many periodic wave solutions as follow
with G 1 (ω 1 , t) and H 1 (ω 1 , t) satisfying
We believe that there are possible more soliton solutions and periodic wave solutions with (50) and (51). A special solution of the AB-KdV system is
and G 1 is the solution of
and
We should mention that all the anti-symmetric solutions of (53) and (54) lead to the P s T d symmetry breaking solutions of the AB-KdV system (2).
Lie Point Symmetry and Symmetry Reduction
The knowledge of the symmetries is very useful to enhance our understanding of complex physical phenomena, to simplify and even completely solve the complicated problems. Furthermore, the study of symmetries has been manifested as one of the most important and powerful methods in almost every branch of science especially in physics and mathematics. It is particularly fundamental to find the symmetries of a nonlinear equation in the development of the theory of the integrable systems because of the existence of infinitely many symmetries [20] - [22] . Recent studies show that symmetry reduction approach with nonlocal symmetries and residual symmetries has been successfully used to find some types of interaction solutions of nonlinear excitations for a number of integrable system [23] - [25] . In this section, we will discuss the Lie point symmetry and symmetry reduction solutions of the AB-KdV equation (2) with the help of the cKdV system (25)-(26). A symmetry, σ is defined by a solution of its linearized equation. For the cKdV system (25)-(26), its symmetries are solutions of
That means the cKdV system (25)- (26) is form-invariant under the transformation
where ǫ is an infinitesimal parameter. The generalized Lie point symmetries of the cKdV system (25)-(26) possess the form σ
where X(x, t, u, v), T (x, t, u, v), U(x, t, u, v) and V (x, t, u, v) are the functions of the indicated variables. Substituting (90) into the symmetry definition (55) and using the cKdV system (25)-(26) to eliminate nonindependent quantities, u t and v t , we can get a set of determining equations for X, T , U and V . Solving the determining equation system, the Lie point symmetry can be obtained. Here we list the results. The cKdV system (25)-(26) possesses the Lie point symmetries
where c i , i = 0, 1, 2, 3, 4 are arbitrary constants. To find symmetry reductions of a nonlinear system means to find the group invariant solutions which is guaranteed by
Solving the group invariant conditions (59) and the cKdV system (25)- (26), we can get the symmetry reduction solutions. Here we just list a special reduction solution because we aim to find the symmetry reductions of the AB-KdV system (2). If {U(ξ), V (ξ)} is the solution of the reduction equation
then
The result tells us that the nonlocal symmetry of the cKdV system (25)-(26) becomes a Lie point symmetry for the enlarged system (79)-(89).
Whence a nonlocal symmetry is localized, it can be used to find its finite transformations and the related symmetry reductions. Here we just write down the Bäcklund transformation theorem of the cKdV system (25)-(26) with finite transformations related to the initial value problem. And the corresponding symmetry reductions related to the nonlocal symmetry (101) will be discussed in another manuscript.
Theorem 2 (Bäcklund transformation theorem of the cKdV system (25)- (26)). If {u, v, f, f 1 , f 2 , q, r, s} is a solution of the enlarged system (79)-(89), so {u ′ , v ′ , f ′ , f are P s T d invariant solution and P s T d symmetry breaking solution of the AB-KdV equation respectively. Theorem 3 can be proved true by direct substituting (109) and (110) into the AB-KdV system (2) using the Shwarzian KdV equation (104) and the anti-symmetric solutions of (105)-(108).
Summary and discussion
In summary, a special AB-KdV system is directly obtained from KdV equation to describe two-place physical events. The AB-KdV system possessing P s T d symmetry means the AB-KdV system is invariant under the transformation {x → −x + x 0 , t → −t + t 0 }. The AB-KdV system is nonlocal and it can be used to describe two-place physical events.
We study the exact solutions of the AB-KdV system, including P s T d invariant and P s T d symmetric breaking solutions with different methods. The P s T d invariant solutions, such as multiple soliton solutions, symmetry reduction solutions are obtained from the KdV equation by the P s T d principle. The P s T d symmetric breaking solutions are obtained by the help of a coupled KdV system. The solutions, such as single soliton solutions, singular soliton solutions show rich structures of the AB-KdV system. And we believe the methods can be used to other AB systems.
Also, a special Bäcklund transformation related to residual symmetry is presented via the localization of the residual symmetry to find interactive solutions between the solitons and other types of the AB-KdV system.
